Abstract. In their recent proof [2] of Schapira-Schneider's conjecture [19] , Bressler-Nest-Tsygan construct a (generalized) Chern character from the Ktheory of perfect complexes to the negative cyclic homology HC − * (A) of a sheaf of algebras A on a topological space. The first aim of this paper is to show how to construct a (classical) Chern character defined on the Grothendieck group of perfect complexes over A with values in the mixed negative cyclic homology HC The second aim of the paper is to prove that the cyclic homology of a quasicompact separated scheme as defined by Loday [12] and Weibel [23] coincides with the cyclic homology of the 'localization pair' of perfect complexes on the scheme. In particular, if the scheme admits an ample line bundle, its cyclic homology coincides with the cyclic homology of the exact category of algebraic vector bundles, a result announced in [10] .
Notations
In sections 1 to 4, k will denote a field, X a topological space and A a sheaf of k-algebras on X.
Homology theories for ringed spaces
2.1. Hochschild and cyclic homologies. The Hochschild complex C(A), and the bicomplexes CC(A), CC − (A) and CC per (A) are defined in [2, 4.1] by composing the classical constructions (cf. [13] , for example) with sheafification. The Hochschild homology, cyclic homology . . . of A are then obtained as the homologies of the complexes RΓ(X, C(A)) , RΓ(X, CC(A)) , . . .
where RΓ(X, ?) is the total right derived functor in the sense of Spaltenstein [20] of the global section functor.
Mixed cyclic homologies. Suppose that f : (X, A) → (Y, B)
is a morphism of spaces with sheaves of k-algebras inducing isomorphisms in Hochschild homology. With the above definitions, it does not seem to follow that f also induces isomorphisms in cyclic homology, negative cyclic homology and periodic cyclic homology. This is one of the reasons why we need to replace the above definitions by slightly different variants defined in terms of the mixed complex associated with A.
To explain this, we first recall the case of ordinary algebras:
For an algebra A, we denote by M (A) the mapping cone over the differential 1 − t linking the first two columns of the bicomplex CC(A). We endow M (A) with the operator B : M (A) → M (A)[−1] induced by the norm map N from the first to the second column of the bicomplex. Then endowed with its differential d and with the operator B the complex M (A) becomes a mixed complex in the sense of Kassel [7] , i.e. we have
The mixed complex M (A) completely determines the homology theories of A. Indeed, we have a canonical quasi-isomorphism
which shows that Hochschild homology is determined by M (A). We also have canonical quasi-isomorphisms
where the right hand sides are defined by viewing mixed complexes as objects of the mixed derived category, i.e. differential graded (=dg) modules over dg algebra Λ generated by an indeterminate ε of chain degree 1 with ε 2 = 0 and dε = 0 (cf. [7] , [8] ). Finally, we have a quasi-isomorphism
where P k is a homotopically projective resolution (or 'closed' resolution, cf. [9, 7.4] ) of the dg Λ-module k and the transition map P k [−2(n + 1)] → P k [−2n] comes from a chosen morphism of mixed complexes P k → P k [2] which represents the canonical morphism k → k [2] in the mixed derived category. For example, one can take
as a Λ-module endowed with the differential mapping the generator 1 i of Λ[2i] to ε1 i−1 . The periodicity morphism then takes 1 i to 1 i−1 and 1 0 to 0. Note that the functor lim ← − P k [−2n]⊗ Λ ? is actually exact so that R lim ← − may be replaced by lim ← − in the above formula. Sheafifying this construction we obtain a mixed complex of sheaves M (A). We view it as an object of the mixed derived category DMix (X) of sheaves on X, i.e. the derived category of dg sheaves over the constant sheaf of dg algebras with value Λ. The global section functor induces a functor from mixed complexes of sheaves to mixed complexes of k-modules. By abuse of notation, the total right derived functor of the induced functor will still be denoted by RΓ(X, ?). The fact that this functor (and the mixed derived category of sheaves) is well defined is proved by adapting Spaltenstein's argument of section 4 of [20] . Since M (A) is quasi-isomorphic to C(A), we have a canonical isomorphism
We define the 'mixed variants' 
to RΓ(X, M (A)) and taking homology. For a closed subset Z ⊂ X, we obtain versions with support in Z by applying these functors to RΓ Z (X, M (A)). Now suppose that a morphism (X, A) → (Y, B) induces an isomorphism in HH * . Then by definition, it induces an isomorphism in the mixed derived category
and thus in HC mix, * , HC 3. Homology theories for categories 3.1. k-categories. Let C be a small k-category, i.e. a small category whose morphism spaces carry structures of k-modules such that the composition maps are bilinear. Following Mitchell [16] one defines the Hochschild complex C(C) to be the complex whose nth component is
where the sum runs over all sequences X 0 , . . . , X n of objects of C. The differential is given by the alternating sum of the face maps
For example, suppose that A is a k-algebra. If we view A as a category C with one object, the Hochschild complex C(C) coincides with C(A). We have a canonical functor
where proj A denotes the category of finitely generated projective A-modules. By a theorem of McCarthy [14, 2.4.3] , this functor induces a quasi-isomorphism
3.2. Differential graded categories. Now suppose that the category C is a differential graded k-category. This means that C is enriched over the category of differential Z-graded k-modules (=dg k-modules), i.e. each space C (X, Y ) is a dg k-module and the composition maps
are morphisms of dg k-modules. Then we obtain a double complex whose columns are the direct sums of (3.1.1) and whose horizontal differential is the alternating sum of the face maps
The Hochschild complex C(C) of the dg category C is by definition the (sum) total complex of this double complex. The dg categories we will encounter are all obtained as subcategories of a category C(X ) of differential complexes over a k-linear category X (a k-linear category is a k-category which admits all finite direct sums). In this case, the dg structure is given by the complex Hom Hence if A is a k-algebra, the category C b (proj A) of bounded complexes of finitely generated projective A-modules is a dg category and the functor
mapping a module P to the complex concentrated in degree 0 whose zero component is P becomes a dg functor if we consider proj A as a dg category whose morphism spaces are concentrated in degree 0. By [9, lemma 1.2], the functor proj A → C b (proj A) induces a quasi-isomorphism
3.3. Pairs of dg categories. Now suppose that C 0 ⊂ C 1 are full subcategories of a category of complexes C(X ) over a small k-linear category X . We define the Hochschild complex C(C) of the pair C : C 0 ⊂ C 1 to be the cone over the morphism
induced by the inclusion (here both C 0 and C 1 are viewed as dg categories). For example, let A be a k-algebra. Recall that a perfect complex over A is a complex of A-modules which is quasi-isomorphic to a bounded complex of finitely generated projective A-modules. 3.4. Mixed complexes and characteristic classes. In the preceding paragraph, we have worked with the Hochschild complex, but it is easy to check that everything we said carries over to the mixed complex (2.2). The conclusion is then that if A is a k-algebra, we have the following isomorphisms in the mixed derived category
This shows that M (A) is functorial with respect to morphisms of pairs per A → per B, i.e. functors from perfect complexes over A to perfect complexes over B which respect the dg structure and preserve acyclicity. For example, if P is a perfect complex over A, we have the functor
and hence a morphism
If we apply the functors H 0 resp. H * R Hom Λ (k, ?) to this morphism we obtain morphisms HH 0 (k) → HH 0 (A) and HC Recall that a strictly perfect complex is a complex P of A-modules such that each point x ∈ X admits an open neighbourhood U such that P | U is isomorphic to a bounded complex of direct summands of finitely generated free A| U -modules. A perfect complex is a complex M of A-modules such that each point x ∈ X admits an open neighbourhood U such that P | U is quasi-isomorphic to a strictly perfect complex.
We denote by per A the pair formed by the category of perfect complexes and its full subcategory of acyclic perfect complexes. For each open U ⊂ X, we denote by per A| U the corresponding pair of categories of perfect A| U -modules. Via the restriction functors, the assignment U → M (per A| U ) becomes a presheaf of mixed complexes on X. We denote by M (per A) the corresponding sheaf of mixed complexes.
For each open U ⊂ X, we have a canonical functor
and a morphism of sheaves
Key Lemma. The above morphism is a quasi-isomorphism Remark 4.1. This is the analog in cyclic homology of lemma 4.7.1 of [2] (with the same proof, as P. Bressler has kindly informed me).
Proof. We will show that the morphism induces quasi-isomorphisms in the stalks. Let x ∈ X. Clearly we have an isomorphism
where U runs through the system of open neighbourhoods of x. We will show that the canonical functor
induces a quasi-isomorphism in the mixed complexes. For this, it is enough to show that it induces equivalences in the associated triangulated categories, by [10, 2.4 b)]. Now we have a commutative square
Here, we denote by strper the pair formed by the category of strictly perfect complexes and its subcategory of acyclic complexes. For an algebra A, we have strper A = C b (proj A) by definition. It is easy to see that the two vertical arrows induce equivalences in the triangulated categories, and the bottom arrow is actually itself an equivalence of categories. Indeed, we have the commutative square
Here the right vertical arrow is the identity and the left vertical arrow and the bottom arrow are clearly equivalences. The claim follows since the composition of the morphism
. By the key lemma (4.1), the canon-
is invertible in the mixed derived category. Thus we can define the trace morphism
by the following commutative diagram
Now let P be a perfect complex. It yields a functor
and hence a morphism in the mixed derived category
If we apply the functor H 0 resp. R Hom Λ (k, ?) to this morphism, we obtain morphisms • X (P, P ) the dg algebra of endomorphisms of P . So if P is homotopically injective (=K-injective [20] ), then the ith homology of A identifies with Hom DX (P, P [i]). The dg category with one object whose endomorphism algebra is A naturally embeds into per 1 A and we thus obtain a morphism
whose composition with the canonical map M (k) → M (A) coincides with the morphism constructed above.
4.3.
Variant with supports. Let Z ⊂ X be a closed subset. Let per(A on X) be the pair formed by the category of perfect complexes acyclic off Z and its full subcategory of acyclic complexes. For each open U ⊂ X denote by per(A| U on Z) the corresponding pair of categories of perfect A| U -modules. Via the restriction functors, the assignment U → M (per(A| U on Z)) becomes a presheaf of mixed complexes on X. We denote by M (per (A on Z)) the corresponding sheaf of mixed complexes. We claim that M (per (A on Z)) x is acyclic for x ∈ Z. Indeed, if U ⊂ X \ Z is an open neighbourhood of x, then by definition, the inclusion
is the identity so that M (per(A| U on Z)) is nullhomotopic. It follows that the canonical morphism M (per (A on Z)) → M (per A) uniquely factors through
We now define the trace morphism
We then have a commutative diagram
This yields a canonical lift of the classes constructed in section 4.2 to the theories supported in Z. The trace morphism τ Z is invertible if X and U = X \ Z are quasi-compact separated schemes (by 5.2 below).
5.
Homology theories for quasi-compact separated schemes 5.1. Definition and functoriality. We adapt ideas of Thomason-Trobaugh [22] :
Let X be a quasi-compact separated scheme over a field k. We put per X = per O X (cf. 4.1). We claim that the assignment X → M (per X) is a functor of X. Indeed, let flatper X be the pair formed by the category of right bounded perfect complexes with flat components and its subcategory of acyclic complexes. Then the inclusion flatper X → per X induces an equivalence in the associated triangulated categories (by [22, 3.5] ) and hence an isomorphism induces an equivalence in the associated triangulated categories [22, 3.8.3] and hence an isomorphism M (strper X) → M (per X). Note that strper X is simply the category of bounded complexes over the category vec X of algebraic vector bundles on X (together with its subcategory of acyclic complexes). Hence we have the equality M (strper X) = M (vec X) where M (vec X) denotes the mixed complex associated with the exact category vec X as defined in [10] . In particular, if X = Spec A is affine, we have canonical isomorphisms
Theorem. Let X be a quasi-compact separated scheme over a field k. Then the trace morphism (4.2)
is invertible. More generally, if Z is a closed subset of X such that U = X \ Z is quasi-compact, then the trace morphism
is invertible.
Corollary. Let X be a quasi-compact separated scheme over a field k. Then there is a canonical isomorphism
where HC * (X) denotes the cyclic homology of the scheme X as defined by Loday [12] and Weibel [23] .
The corollary was announced in [10, 1.10]. It will be proved in section 5.9. The theorem will be proved in 5. 
is invertible where M (O X ) is viewed as a complex of sheaves on X and R ce Γ(X, ?) denotes Cartan-Eilenberg hypercohomology (cf. section A.1). Moreover, WeibelGeller have shown in [24, 0.4] that the complex M (O X ) has quasi-coherent homology. By section A.1, it follows that the canonical morphism
is invertible. Using the commutative diagram
we conclude that M (per X) → RΓ(X, M (O X )) is invertible for affine X.
5.4.
Thomason-Trobaugh's localization theorem. Let X be a quasi-compact quasi-separated scheme. We denote by T per X the full subcategory of the (unbounded) derived category of the category of O X -modules whose objects are the perfect complexes. This category identifies with the triangulated category associated with the localization pair per X as defined in [10, 2.4] . Recall that a triangle functor S → T is an equivalence up to factors if it is an equivalence onto a full subcategory whose closure under forming direct summands is all of T . A sequence of triangulated categories
is exact up to factors if the first functor is an equivalence up to factors onto the kernel of the second functor and the induced functor S/R → T is an equivalence up to factors. 
are exact up to factors and the functor j * is an equivalence up to factors.
The theorem was proved in section 5 of [22] . Note that the first assertion of part b) follows from a). The second assertion of b) is a special case of the main assertion in [22, 5.2] 
A new proof of the theorem is due to A. Neeman [17] , [18] . 
Theorem. The morphism
Proof. The proof consists in extracting the relevant information from [10] : Indeed, since F is fully faithful, we may consider A 
of DMorMix by the remarks following proposition 4.3 of [10] . On the other hand, applying the functor I λ of [10, 4.8 ] to the morphism (5.5.1) yields the identity of C + in M and applying M (denoted by C in [10] ) yields the identity of M (C) in DMix . By the naturality of the isomorphism of functors in [10, 4.9 a)], call it ψ, we obtain a commutative square in DMix
So the left vertical arrow of the square is invertible in DMix , which is what we had to prove. √ 5.6. Perfect complexes with support and local cohomology. Let X be a quasi-compact quasi-separated scheme, U ⊂ X a quasi-compact open subscheme and Z = X \ U . Let j : U → X be the inclusion.
Theorem. The sequence
embeds into a triangle of DMix (X). This triangle is canonically isomorphic to the Z-local cohomology triangle associated with M (per X). In particular, there is a canonical isomorphism
Moreover, the canonical morphisms fit into a morphism of triangles
in the mixed derived category, where Γ and Γ Z are short for RΓ(X, ?) and RΓ Z (X, ?).
If we let V vary, it becomes a sequence of presheaves on X. We will show that there is a sequence of mixed complexes of presheaves
such that
• we have gf = 0 in the category of mixed complexes of presheaves • in the derived category of mixed complexes of presheaves, the sequence 5.6.2 becomes isomorphic to the sequence 5.6.1.
• for each quasi-compact open subscheme V ⊂ X, the canonical morphism from the cone over the morphism A(V ) → B(V ) to C(V ) induced by g is a quasi-isomorphism. This implies that firstly, the sequence of sheaves associated with the sequence 5.6.2 embeds canonically into a trianglẽ A →B →C →Ã [1] , where the tilde denotes sheafification and the connecting morphism is constructed as the compositionC ∼ ← Cone(Ã →B) →Ã [1] , and secondly we have a morphism of triangles
for each quasi-compact open subscheme V ⊂ X (to prove this last assertion, we use that RΓ(V, ?) lifts to a derived functor defined on the category of all sequences
with g f = 0). To construct the sequence 5.6.2, we have to (pre-) sheafify a part of the proof of [10, 2.4] . For this, let iper X denote the category of all homotopically injective perfect complexes (=K-injective complexes [20] ). Then the inclusion iper X → per X induces an equivalence in the associated triangulated categories and thus we have an isomorphism M (iper X) ∼ → M (per X) in DMix . Note that this even holds if X is an arbitrary ringed space. In particular, it holds for each open subscheme V ⊂ X instead of X. Hence the presheaf V → M (per V ) is isomorphic in the derived category of presheaves to V → M (iper V ). Similarly for the other terms of the sequence, so that we are reduced to proving the assertion for the sequence of presheaves whose value at V is
For this, let I(V ) be the exact dg category [10, 2.1] of homotopically injective complexes on V and letĨ(V ) be the category whose objects are the exact sequences
of I(V ) such that i has split monomorphic components, K is acyclic off Z and i x is a quasi-isomorphism for each x ∈ Z. ThenĨ(V ) is equivalent to a full exact dg subcategory of the category of filtered objects of I(V ) (cf. example 2.2 d) of [10] ). LetĨ(V on Z) be the full subcategory ofĨ(X) whose objects are the sequences
andĨ(U ∩ V ) the full subcategory whose objects are the sequences
and F :Ĩ(V on Z) →Ĩ(V ) the inclusion. Then the sequence
is an exact sequence of the category M str of [10, 4.4] and in particular we have GF = 0. We take the subsequence of perfect objects : Let iper(V on Z) be the full subcategory ofĨ(V on Z) whose objects are the K ∼ → L → 0 with K ∈ iper(V on Z), let iper(V ) be the full subcategory of the K → L → M with M ∈ per(V ), and let iper(V ∩ U ) be the full subcategory of the 0
where the three vertical functors are given by
Its left hand square is commutative up to isomorphism and its right hand square is commutative up to the homotopy [10, 3.3 ]
The vertical arrows clearly induce equivalences in the associated triangulated categories. By applying the functor M to the diagram and letting V vary we obtain a commutative diagram in the derived category of presheaves of mixed complexes on X. The vertical arrows become invertible and the top row becomes
where V runs through the open subsets of X. This is the sequence of presheaves A → B → C announced at the beginning of the proof. Using theorem 5.4 a) and theorem 5.5 one sees that it has the required properties. √
5.7.
Mayer-Vietoris sequences. Let X be a quasi-compact quasi-separated scheme and V, W ⊂ X quasi-compact open subschemes such that X = V ∪ W .
Proposition. There is a canonical morphism of triangles in the mixed derived category
where Γ is short for RΓ(X, ?).
Proof. Put Z = X \W . The first line of the diagram is deduced from theorem 5.4 b) using [10, 2.7] . Clearly the two squares appearing in the diagram are commutative. We have to show that the square involving the arrows of degree 1
? -? -is commutative as well. By [loc.cit.], the connecting morphism is the composition 
where Γ and Γ Z are short for RΓ(X, ?) and RΓ Z (X, ?). Now it follows from theorem 5.6 that the rightmost square of the diagram of the assertion is commutative as well. The assertion for τ Z now follows by theorem 5.6.
5.9.
Proof of corollary 5.1. In [23] , C. Weibel defined HC * (X) as the homology of the complex of k-modules
where RΓ ce denotes Cartan-Eilenberg hypercohomology (cf. section A.1) and CC(O X ) is the sheafification of the classical bicomplex. Now Weibel-Geller have shown in [24] that the Hochschild complex C(O X ) has quasi-coherent homology. Thus each column of CC(O X ) has quasi-coherent homology and hence (the sum total complex of) CC(O X ) has itself quasi-coherent homology. Hence by theorem A.1, the above complex is isomorphic to
Now, as in the case of an algebra (cf. [13, 2.5.13]), CC(O X ) may also be viewed as the (sum total complex of the) bicomplex BC(M (O X )) associated with the mixed complex of sheaves M (O X ). What remains to be proved then is that the canonical map
is invertible in the derived category of k-vector spaces. Now indeed, more generally, we claim that we have
for any mixed complex of sheaves M with quasi-coherent cohomology. As the reader will easily check, this is immediate once we know that the functor RΓ(X, ?) commutes with countable direct sums when restricted to the category of complexes with quasi-coherent cohomology. This follows from Corollary 3.9.3.2 in [11] . It may also be proved by the argument of [18, 1.4] . For completeness, we include a proof : Let K i , i ∈ I, be a family of complexes with quasi-coherent homology. It is enough to prove that H 0 (X, ?) takes K = K i to the sum of the H 0 (X, K i ). Now Γ(X, ?) is of finite cohomological dimension on the category of quasi-coherent modules. Indeed, for an affine X, this follows from Serre's theorem [6, III, 1.3.1], and for arbitrary X it is proved by induction on the size of an affine cover of X (here we use that X is quasi-compact and separated). It therefore follows from by theorem A.1 b), lemma A.2 and Serre's theorem [6, III, 1.3.1]. that we have an isomorphism
and similarly for K for some fixed n < 0 (cf. the proof of theorem A.1 for the definition of the truncation functor τ ≥n ). So we may assume that the K i and K are uniformly bounded below. But then, we may compute the H 0 (X, K i ) using resolutions K i → F i by uniformly bounded below complexes of flasque sheaves. The sum of the F i is again bounded below with flasque components and is clearly quasi-isomorphic to K. The claim therefore follows from the fact that Γ(X, ?) commutes with infinite sums.
where M is injective.
Let J = Tot I denote the product total complex of I and η : K → J the morphism of complexes induced by ε. The morphism η is called a total Cartan-Eilenberg resolution of K. The Cartan-Eilenberg hypercohomology of K is the cohomology of the complex
One can show that the morphism η is a quasi-isomorphism if countable products are exact in the category of O X -modules. However, this is usually not the case and in general, the morphism η is not a quasi-isomorphism.
Theorem.
a) The complex J is homotopically injective (=K-injective [20] ). b) If K has quasi-coherent homology, the morphism η : K → J is a quasiisomorphism. Hence, Cartan-Eilenberg hypercohomology of K coincides with derived functor hypercohomology of K in the sense of Spaltenstein [20] .
Part a) is well-known and easy (cf. the proof below). It holds more generally whenever K is a complex of objects over an abelian category having enough injectives and admitting all countable products.
For the case of a module category, part b) has been indepently observed by C. Weibel (cf. the footnote on page 2 of [21] ). It is also implicit in [20, 3.13] . Nevertheless, we thought it useful to include the explicit statement and a complete proof.
In preparation of the proof, let us recall the notion of a homotopy limit (cf.
[1] for example) : If T is a triangulated category admitting all countable products and
is a sequence in T , its homotopy limit holim X p is defined by the Milnor triangle [15] holim
where the morphism Φ has the components
Note that the homotopy limit is unique only up to non unique isomorphism. We will encounter the following situation : Consider a sequence of complexes
over an additive category admitting all countable products such that the f p are componentwise split epi (or, more generally, for each n and p, the morphism X n p+k → X n p is split epi for some k 0). Then we have a componentwise split short exact sequence of complexes
and hence the inverse limit lim ← − K p is then isomorphic to holim K p in the homotopy category.
Proof of the theorem. a) Note that the bicomplex I is the inverse limit of its quotient complexes I
•,q] obtained by killing all rows of index greater than q. Let J q be the product total complex of I
•,q] . Then the sequence of the J q has inverse limit Tot I and its structure maps are split epi in each component. Hence I is isomorphic to the homotopy limit of the sequence of the J q . Since the class of homotopically injective complexes is stable under extensions and products, it is stable under homotopy limits. Therefore it is enough to show that the J q are homotopically injective. Clearly the J q are iterated extensions of rows of I (suitably shifted). So it is enough to show that the rows of I are homotopically injective. But each row of I is homotopy equivalent to a complex with vanishing differential and injective components. Such a complex is the product of its components placed in their respective degrees and is thus homotopically injective. b) For p ∈ Z, define τ ≥p K to be the quotient complex of K given by
and τ <p K to be the subcomplex of K given by
Define τ ≥p J and τ <p J by applying the respective functor to each row of J. Then the morphism τ ≥p K → τ ≥p J is a Cartan-Eilenberg resolution for each p ∈ Z. Since τ ≥p K is left bounded, it follows that the induced morphism τ ≥p K → Tot τ ≥p J is a quasi-isomorphism for each p ∈ Z. Now fix n ∈ Z and consider the diagram
-? ? -For p < n, the top morphism is invertible. It now suffices to show that for p 0, the bottom morphism is invertible. Equivalently, it is enough to show that H n Tot τ <p J vanishes for p 0. For this let x ∈ X. We have to show that (H n Tot τ <p J) x
Proof. By induction, we find that H i K p = 0 for all i ≥ n. Now we have exact sequences 
A comparison of derived categories B.1. Boekstedt-Neeman's theorem. Let X be a quasi-compact separated scheme, D Qcoh X the derived category of the category Qcoh X of quasi-coherent sheaves on X, DX the derived category of all sheaves of O X -modules on X and and D qc X its full subcategory whose objects are the complexes with quasi-coherent homology.
As an application of theorem A.1, we give a partially new proof of the following result of Boekstedt-Neeman. We refer to [21, Prop. 1.3 ] for yet another proof.
The proof proceeds by induction on the size of an affine cover of X. The crucial step is the case where X is affine. Our proof for this case is new. For completeness, we have included the full induction argument.
Proof. In a first step, suppose that X is affine : X = Spec A. We identify Qcoh X with Mod A and then have to show that the sheafification functor Now suppose that X is the union of n open affine sets U 1 , . . . , U n . By induction on n and the affine case, we may assume that the claim is proved for U = U 1 and V = i=2...n U i . Let j 1 : U → X and j 2 : V → X be the inclusions. Let Y = X \ U and let i : Y → X be the inclusion. For any object K ∈ D qc X, we have a triangle
Here the second morphism is the adjunction morphism and RΓ Y K is defined (up to unique isomorphism) by the triangle. The object j * 1 K is a complex of sheaves on U and H n j * 1 K = j * 1 H n K is quasi-coherent. So j * 1 K is in the faithful image of D Qcoh U . Because X is separated, j 1 * preserves quasi-coherence (cf. [11, 3.9.2] ). So the triangle lies in D qc X. The subset Y ⊂ X is a closed subset of V and i = j 1 i 2 , where i 2 is the inclusion of Y into V . This implies that RΓ Y K = j 2 * (RΓ Y ⊂V K). The above triangle thus shows that D qc X is generated by the j 1 * K and the j 2 * K , where K belongs to D Qcoh U and K to D Qcoh V . It remains to be checked that morphisms between j 1 * K and j 2 * K in D Mod O X are in bijection with those in D Qcoh X. Indeed, we have Hom DX (j 1 * K , j 2 * K ) = Hom DV (j * 2 j 1 * K , K ). By the induction hypothesis, the latter group identifies with Hom D Qcoh V (j * 2 j 1 * K , K ) = Hom D Qcoh X (j 1 * K , j 2 * K ). The same argument applies to morphisms from j 2 * K to j 1 * K . This ends the proof. Proof. Let S ⊂ T be the smallest triangulated subcategory of T containing F A and stable under forming infinite direct sums. Then, since F A is compact, the inclusion S → T admits a right adjoint R by Brown's representability theorem [3] (cf. also [8, 5.2] , [18] , [5] ). Now if X ∈ T and RX → X → X → RX [1] is a triangle over the adjunction morphism, then Hom T (F A, X [n]) vanishes for all n ∈ Z by the long exact sequence associated with the triangle. So X vanishes by assumption c) and S coincides with T . So F A is a compact generator for T . Now the claim follows from [8, 4.2] . √
